Spherically symmetric, time-periodic oscillatons -solutions of the Einstein-Klein-Gordon system (a massive scalar field coupled to gravity) with a spatially localized core -are investigated by very precise numerical techniques based on spectral methods. In particular the amplitude of their standing-wave tail is determined. It is found that the amplitude of the oscillating tail is very small, but non-vanishing for the range of frequencies considered. It follows that exactly timeperiodic oscillatons are not truly localized, and they can be pictured loosely as consisting of a well (exponentially) localized nonsingular core and an oscillating tail making the total mass infinite. Finite mass physical oscillatons with a well localized core -solutions of the Cauchy-problem with suitable initial conditions -are only approximately time-periodic. They are continuously losing their mass because the scalar field radiates to infinity. Their core and radiative tail is well approximated by that of time-periodic oscillatons. Moreover the mass loss rate of physical oscillatons is estimated from the numerical data and a semi-empirical formula is deduced. The numerical results are in agreement with those obtained analytically in the limit of small amplitude time-periodic oscillatons.
its extreme smallness as compared to the total energy of the configurations. This explains why physical oscillatons, evolving from finite energy initial data, are practically indistinguishable from exactly time-periodic oscillatons, which have an extremely small amplitude standing wave tail, and also why this effect has been largely ignored by previous numerical work.
In various field theories containing massive scalars, very similar objects, oscillons or pulsons have been numerically observed and analytically investigated mostly in the limit of small amplitudes [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Oscillatons under the name of "gravipulsons" have been studied in the recent paper [26] in EKG theory with a logarithmic scalar self-interaction analytically without assuming a small amplitude limit
The goal of this paper is to investigate exactly time-periodic oscillatons in 3 dimensional EKG theory and generalize some of the results of Ref. [13] without using the small amplitude limit. The asymptotic oscillating tails of the fields are determined by special high precision numerical techniques. The extreme smallness of the oscillatory tail of an oscillaton with respect to its central amplitude [13] explains why it has been missed in previous numerical work. We show that nevertheless this tail can be computed by making use of very precise numerical techniques. In this context, the field equations are solved using spectral methods, where the variables are approximated as finite sums of known functions called the basis functions. This is done for both space and time. The solution of the numerical system is performed by using the spectral solver Kadath [27, 28] which enables the use of spectral methods in a wide range of problems arising in theoretical physics. The oscillating tails of the scalar fields are obtained by using a similar approach as the one used in Ref. [29] in the case of oscillons in a self-interacting single scalar field theory in 3 dimensions. A detailed comparison of the numerical results with those obtained in the small amplitude limit shows remarkable agreement and coherence. The core of the oscillaton is approximated by the expansion in the small amplitude limit to good precision even for not too small values of the amplitude. This expansion significantly underestimates, however, the magnitude of the oscillating tail which depends in an essentially non-analytic way from the amplitude.
The paper is organized as follows. In Sec. II the equations describing a scalar field coupled to gravity are presented, along with the decomposition in modes used to obtain periodic and weakly localized solutions. The expected asymptotic behaviors of the various fields are also studied. Section III is devoted to the presentation of the numerical techniques. The use of the library Kadath and the way solutions are matched at the outer end of the computational domain are explained in some detail. Numerical results are shown in Sec. IV along with many numerical tests that validate the overall procedure. The existence of an oscillatory tail and comparison with previous work are discussed. The comparison with results from the small-amplitude expansion is shown in Sec. V. The mass loss rate of oscillatons is determined in Sec. VI.
II. THE MODEL

A. The equations
One considers a real scalar field Φ, coupled to gravity. The stress-energy tensor is given by
where U (Φ) is the potential of self-interaction. We are interested in finding spherically symmetric configurations in 3+1 dimensions. We can chose the metric to take the following form :
where Ω is the solid angle. The unknown functions A and B depend solely on r and t, and this system of coordinates may be described as quasi-isotropic. In order to get rid of the 8π factors (see Sec. II-A of [13] ) we rescale the scalar field and the potential as
Under these assumptions, Einstein's equations G µν = 8πT µν are written as : 
Equations (4, 5, 6, 7) correspond respectively to the components 2E tt , 2E rr , E tr and 2 E θθ /r 2 − E rr of Einstein's equations. Equation (8) is the conservation of the energy-momentum tensor.
In the following, one will consider the simplest choice for the potential, U = mΦ 2 /2, a free massive Klein-Gordon field, and by suitable scaling we set m = 1.
B. Mode decomposition
As in Ref. [1] , one wishes to study the possibility that there exist periodic, or quasi-periodic solutions, to the system (4) (5) (6) (7) (8) . Following [1, 13] one assumes that A and B contain only even harmonics with respect to time and Φ only odd ones, which is valid for any symmetric potential U . This gives the following mode-decompositions :
where ω is the frequency of the solution.
C. Asymptotic behavior
The asymptotic behavior of time periodic solutions of the EKG system is complicated by the fact that the existence of standing wave tails is not compatible with asymptotic flatness. Heuristically, no matter how small the amplitude of the oscillating tail, due to its slow spatial decay the total mass is infinite. Fortunately one can sidestep this somewhat complicated issue, since there is an intermediate asymptotic region, which is defined by being sufficiently far from the core region of the oscillaton where the first Fourier component of the oscillating tail still dominates, but the mass in this tail is negligible with respect to the mass in the core. In Ref. [29] , we succeeded to determine numerically the amplitude of the standing wave tail of oscillons in the case of a single scalar field with a self-interaction potential in flat space-time. In this context the amplitude of the oscillons was successfully isolated using a formalism based in the homogeneous solutions of the various operators. The aim of this work is to use similar techniques in the case of the oscillaton. The first step is to assume that there is an intermediate region where space-time can be considered asymptotically flat. This translates to the following behavior for the metric fields, at large radius :
For a solution of the full system, one must have r A = r B ≡ r 0 . This is however not enforced directly in the numerical solution but rather used as a measure of the accuracy of the code.
The situation of the scalar field is more complicated and one has to study in some detail the wave-equation (8) . If one keeps only the dominating terms (i.e. if one sets A = 1 and B = 1), Eq. (8) reduces to :
Φ being a sum of odd cosines, the equation for the harmonic Φ n is :
Given that ω < 1, one has two different cases :
• For n = 1, the solution that vanishes at infinity is
• For n > 1, the solution is oscillatory of the form
At this order of approximation, the background is flat Minkowskian, and the phase α n is constant. However, considering waves on a Schwarzschild background, the phase will have a slow radial dependence. Hence, it will prove useful to get the next order of approximation for n > 1. In order to do so, we consider the phases α n as slowly varying functions of the radius r, so that α n,r ≪ λ n . More precisely, one assumes that α n,r is of order λ n /r. Keeping the first two orders in terms of 1/r, one gets :
Φ n,rr (r) = −C n λ 2 n + 2λ n α n,r
So it appears that the terms involving α n,r are of the same order as the corrections induced by the r 0 /r parts of the metric fields, the equation for the scalar field, up to 1/r 2 terms, being
When inserting Eqs. (18) (19) into (20) , the second order terms lead to an equation for the phase α n (the first order condition has already been used and gives the value of λ n ). One finds that
which can be integrated to give :
where δ n is a constant. One can check that, as assumed, α n,r is indeed of the order of λ n /r, in agreement with the starting hypothesis. A detailed study of series solutions for the Klein-Gordon equation on Schwarzschild spacetime can be found in [31] . The oscillatory behavior of Eq. (17) illustrates the fact that, in general, time periodic solutions cannot be truly localized, nor can the corresponding space-time be asymptotically flat. Indeed, if Φ n behaves like (17) , the terms involving Φ in Eqs. (4-7) will decrease only like 1/r 2 , thus being inconsistent with the dominating behaviors of A and B assumed from the start and given by Eqs. (12) (13) . It is only due to the smallness of the amplitude of the tail that an "intermediate asymptotic" region exists.
In some very particular situations, it can occur that the oscillatory tail is absent thus truly localized time periodic solutions do exist. A famous example is the breather solution in sine-Gordon theory in 1 dimension. Results from [1, 2, 13] strongly suggest that, even if the oscillatory tail is present, its amplitude should be relatively small, so that there exists a region where its influence on the various fields is also small.
III. NUMERICAL METHODS
A. Spectral expansion
Solutions of the system are sought by making use of the spectral library Kadath [27, 28] . The setting uses a two-dimensional space, with respect to the coordinates (t, r). For the time-coordinate, a single domain is used. The physical time t relates to the numerical one t ⋆ by t ⋆ = ωt. A spectral expansion is then performed with respect to t ⋆ , using only even cosines for A and B and only odd ones for Φ, in accordance with the mode decompositions (9) (10) (11) .
For the radial coordinate a multi-domain decomposition is used, similar to the one described in Sec. (2.2) of [28] . Typically one considers a nucleus that contains the origin and several spherical shells that are bounded by two finite radii. However, given the appearance of oscillatory solutions (see Sec. II C), no compactification of space is used and the equations are solved only up to a given radius R max at which an appropriate matching is performed (see Sec. III B). In each domain the physical radius r is related to the numerical one r ⋆ by an affine-law. In the nucleus one uses r = R nuc × r ⋆ with r ⋆ ∈ [0, 1] and where R nuc is the radius of the nucleus. In the shells one uses Let us finally point out that all the divisions by r that appear in the equations concern quantities that are odd near the origin (like A ,r ). Such ratios are then easily computed using the spectral expansion because the ratio of T 2i+1 /r can be exactly expressed as a sum of T 2i . The division is said to take place in the coefficient space.
B. Matching criteria at the outer boundary
Given that the computational domain can not be extended to infinity, one needs to derive appropriate outer boundary conditions for the various fields. They are based on the asymptotic behaviors in the "intermediate region" found in Sec. II C. The idea is to match the various fields to the solutions of the dominating operators, at large radius. More explicitly, let us consider a purely radial function f (r) that must be matched to the solution g (r) of the operator. By hypothesis, one demands that, at a large matching radius R, f is close to a solution of the form Cg (r), where C is a constant not known a priori. The continuity of f and its radial derivative f ,r at the matching radius gives the following conditions:
The constant C can be eliminated to get a boundary condition for f that involves only the function g :
Once the function f is known, the constant C can be recovered by making use of either Eq. (23) or (24) . This matching technique is used to match A (resp. B) to a solutions of the type 1 − r A r (resp. 1 − r B r ), where the constant r A (resp. r B ) plays the role of C in Eqs. (23) and (24) . Let us note that for those two fields, one only matches the harmonics which are time-independent, the other ones being simply set to zero. For the scalar field, the matching functions depend on the order n of the harmonic considered and are given by Eq. (16) for n = 1 and Eq. (17) otherwise. In the expression (22) of the slowly varying phase, one will use r B for the value r 0 , as both r A and r B are expected to converge to r 0 as the matching radius R max increases.
C. Minimization of the oscillatory tail
In the asymptotics given in Sec. II C, for each n > 1, there is a constant phase δ n , that can be chosen freely (see Eq. (22)). In practice, one wishes to construct solutions that are as close as possible to truly localized ones. Therefore it is desirable to make the oscillatory tails as small as possible. As seen in Sec. II C, the dominating mode for which the oscillations appear is Φ 3 therefore we try to minimize C 3 (C i being the amplitude of the oscillatory tail of the i th mode, as seen in Sec. III B).
An additional simplification comes from the fact that the oscillatory tails of the other modes n > 3 have a very small influence on C 3 , since their amplitudes, C n , are decreasing very rapidly for increasing values of n. In other words, C 3 is almost independent of δ n for n > 3. So the minimization of C 3 as a function of only one constant phase δ 3 is a very good approximation to the true minimum. This is done using a standard golden section search algorithm (see for instance [30] ). The amplitude, C 3 , never gets so small that the other C n 's need be considered (see Sec. IV C).
D. The numerical system
In the context of the spectral methods implemented by the library Kadath, a system of partial differential equations on the fields is transformed into a set of algebraic equations for the unknowns that are the coefficients of the various fields. The non-linear system is solved by making use of a Newton-Raphson iteration: starting from an initial guess that is as good as possible, the solution is found by iteration. At each step, the linearized system (with respect to the unknowns) is inverted (see Sec. 5 of [28] for more details).
The set of equations (4-8) is redundant, meaning there are more equations than unknowns. In order to select an appropriate subset of equations let us recall that the actual number of unknowns of a field depends on the exact spectral basis, some coefficients not being true degrees of freedom (see Sec. 3.5 of [28] for a detailed discussion on that). The same is true for the equations that each give a number of algebraic equations that depend on the spectral basis of the result. In order to ensure that the number of unknowns is identical to the number of equations, one then needs to select equations that have the same spectral basis as the fields. Eq (8) has the same basis as the scalar field itself, whereas Eq (6) has both a different radial and temporal basis from the ones of A and B (because the equations involve one derivative in each dimension). However the three equations (4, 5, 7) are consistent with the basis of the metric fields. There is no argument to discard one more than the other and one just has to check, after solution that the "forgotten" equation is indeed verified. It is found that the set of Eqs. (4) (5) and (8) lead to a numerical solution that fulfills the full set of equations (see Sec. IV B).
In the context of Kadath, partial differential equations are dealt with by means of a tau-method (see for instance [32, 33] ). In each domain, the equations are solved by demanding that the coefficients of the residual vanish: in a sense, one solves the equations in the coefficient space. Depending on the order of the equations, the conditions corresponding to the last coefficients must be relaxed to enforce continuity of the solution and appropriate boundary conditions. The number of conditions that must be relaxed is known as the order of the method and is closely related to the number of homogeneous solutions of the operators. The functions being periodic, there is no need for any boundary conditions with respect to time.
For the radial coordinate, the situation depends on both the equation and the type of domain. The radial derivative of the highest order in Eq. (4) is B ,rr so that one will consider Eq (4) to be associated with the field B. B ,rr has two homogeneous solutions: C and r. However, in the nucleus, the function r is not admissible because, by construction, we restricted ourselves to functions B that are symmetric near the origin. So we have only one admissible homogeneous solution in the nucleus and two in the various shells so that we have to use a first order tau-method in the nucleus and a second order one in the different shells. Both the variable B and its radial derivative B ,r must be matched at the interface in the various domains and one must also supply an outer boundary. One can easily check that the number of conditions discarded by the tau method is equal to the number of matching and boundary conditions. Given that Eq. (4) is associated with the variable B, one has to consider Eq. (5) as an equation for A. The highest order derivative is A ,r which admits only one homogeneous solution. Equation (5) is then solved by using a first order tau-method in every domain, supplemented by the matching of A at each interface and an appropriate outer boundary condition. The situation for Φ is similar to the case of B. Let us point out that associating variables with given equations may seem a bit dubious, given that the whole system is coupled, but it does provide very useful guideline in constructing a numerical system that is well-posed. The whole situation is summarized in Table I. TABLE I: Construction of the numerical system to be inverted. The first two columns show the formal association of each unknown to an equation. The order of the tau-methods in both the nucleus and the shells are then given, as well as the quantities that must be matched at the boundaries between the domains. The last column gives the function to which each harmonic is matched at the outer radius Rmax. 
Variable Equation τ -order nucleus τ -order shells Matching Outer matching
A (5) 1 1 A 1 − rA r for n = 0 0 otherwise B(4)
IV. NUMERICAL RESULTS
A. Setting
As observed in [13] , the solutions are more and more spatially extended as ω gets closer to 1, so that it is convenient to work with the variable ρ = rε, where ε = √ 1 − ω 2 . In terms of ρ the geometry of the solutions for various ω is rather similar. Using this fact as a guideline, we chose the radial domains to be, in terms of r, [0, 1/ε], [1/ε, 2/ε], [2/ε, 4/ε] for the three first ones and [4i/ε, 4 (i + 1) /ε] afterwards. The size of the last domains remains fixed to 4/ε because one wishes to be able to resolve the oscillatory tails that appear in Φ and so one must ensure that the size of the domains does not get too big, with respect to the wavelength of the oscillations. This setting, along with the number of radial coefficients used, seems to be satisfactory, as can be seen in Sec. IV C. The outer matching radius can be varied by changing the number of domains N d . As a standard value one uses N d = 20, which corresponds to a matching radius of R max = 68/ε.
As far as the number of coefficients are concerned, one uses three different resolutions, a low one with N r = 13 radial coefficients and N t = 5 coefficients in time, a medium one with N r = 17 and N t = 7 and a high resolution with N r = 33 and N t = 9. The system is iterated until the residuals reach a threshold of 10 −8 for the low and medium resolutions and of 10 −10 for the high resolution. The setting of the threshold is somewhat empirical and is related to the precision one can expect given a number of coefficients (which is very difficult to assess a priori in the general case). A threshold too big will obviously result in a poor precision, no matter what the number of coefficients is. On the other hand, if the threshold is too small, it can prevent the code from converging, if the number of coefficients is not sufficient. Depending on the cases, the overall precision of the resolution is limited either by the number of coefficients or by the value of the threshold (see the discussion about Fig. 1 ).
The constant phases δ n are fixed to zero for n = 3, whereas δ 3 is obtained by minimizing the coefficient C 3 . The search for the minimum is stopped when a precision of 10 −2 is achieved on the value of δ 3 . It will indeed appear that even if C 3 varies greatly as a function of δ 3 , the curve is very flat near the minimum value so that a greater precision on δ 3 is not required to get a precise value of C 3 . For instance, for ω = 0.86, this is sufficient to get a relative precision on C 3 of about 10 −5 , which is smaller than other sources of errors. As an initial guess for starting the Newton-Raphson iteration, one uses the first order expansion in terms of ε given in Sec. III-B of [13] , for ε ≈ 0.1. Once some solutions are known for ω close to 1, they can be used as an initial guess for computing new configurations, by slowly varying ω.
B. Tests
In order to assess the precision reached by the numerical code, one can check the residual error on the equations that have not been used explicitly in finding the solution, i.e. Eqs. (6) and (7). The maximal error measured by the highest coefficient of the residuals in shown in Fig. 1 , for the three different resolutions and various values of ω. In general the lower ω, the bigger the various modes are so that one needs more coefficients to achieve a given precision (this is similar to the case of the Kerr black hole ; see Fig. 9 of [28] ). So, for a fixed number of coefficients the expected errors coming from the spectral representation should be higher for lower values of ω. This is what is observed for the lowest resolution until an error of around 10 −9 is achieved. This saturation is coming from the value of the threshold set to stop the Newton-Raphson iteration. The case of the highest resolution is also easy to understand. The fact that the curve is almost flat at a level of 10 −11 illustrates the fact that, in this case, the factor limiting the precision is not the number of coefficients but solely the value of the threshold, set in this case to 10 −10 . The case of the medium resolution can seem a bit puzzling. As for the low resolution, the error decreases when ω increases, showing that one is dominated by the errors coming from the spectral approximation. However, contrary to what could be expected, the error does not show any sign of saturation at the level of the threshold of the Newton-Raphson iteration. The error is even getting smaller than in the high resolution case, for high values of ω. The reason for that is to be found in the precise way the Newton-Raphson iteration proceeds. The iteration is stopped as soon as the error gets below the threshold. In general when this happens, the error is just below the threshold, and so of the same order of magnitude (this is the case for the highest resolution for instance). However, in the medium resolution, the first value below the threshold is actually much lower that the threshold itself. The Newton-Raphson iteration would have stopped at the same iteration even for a much smaller threshold. This is why the curve for the medium resolution does not show signs of saturation. This is nothing profound and is only coincidental for this particular problem.
We could have tried to reduce the residual error for the highest resolution by lowering the threshold but this could lead to convergence issues coming from round-off errors, the code using only double precision. Moreover, the precision reached is sufficient for our purpose, which is the precise extraction of the oscillatory tails (see Sec. IV C). It is worth mentioning that the errors shown in Fig. 1 do not measure the accuracy at which the oscillatory tails can be extracted. It will indeed appear clearly in Sec. IV C that the results from the high resolution cases are more accurate than those from the medium one, especially when the phase δ 3 is concerned. Let us finally mention that using Eq. More precisely, we show the relative difference with the value obtained for our largest R max which is 68/ǫ. For the three curves the minimization with respect to δ 3 is not performed in each case but δ 3 is fixed to the value found for R max = 68/ǫ. The matching procedure is validated as the relative difference decreases fast as R max increases. There is a saturation of the relative error at a level of about 10 −4 . The fact that the saturation depends on the resolution (as shown by the dashed curved in the case of ω = 0.86) implies that this is an effect of the overall precision of the code ; one is indeed talking of a relative difference of 10 −4 on a quantity which is already very small (10 −5 for ω = 0.83 and 10 −10 for ω = 0.92). Those curves indicate that one can expect to reach a relative precision of around 10 −4 on the value of C 3 . Figure 3 shows the influence of the phases δ n on the value of C 3 , for ω = 0.86. The first panel shows C 3 as a function of δ 3 and one can see that the value varies by two orders of magnitude. The value of the minimum found by the golden section search algorithm is indicated by the circle. The second panel shows the influence of δ 5 on C 3 . More precisely one shows the relative difference |C 3 (δ 5 ) − C 3 (δ 5 = 0)| /C 3 (δ 5 = 0). δ 3 is fixed to the value found by minimization with δ 5 = 0. The other phases are fixed to zero. As expected it is very small, the variations on the value of C 3 being of the order of 10 −7 . This validates the fact that one seeks the minimum of C 3 by varying only the phase δ 3 . 
C. Results
The main result of our simulations is to show that there is no value of ω for which the oscillatory tail vanishes. This can be seen on the first panel of Fig. 4 , where the minimum value of C 3 is plotted, as a function of ω, for the three different resolutions. The fact that C 3 does not vanish implies that there exist no truly periodic solutions of the system. Nevertheless, C 3 is very small and thus one can have very long-lived solutions as observed in [1, 2] for instance. The constant phase δ 3 for which the minimum value of C 3 is attained is shown in the second panel of Fig. 4 . It appears that the low resolution is not precise enough to give a good location of the minimum and that the medium one seems to be accurate only for low values of ω for which the various modes Φ n are bigger. The results from the highest resolution solution are very smooth and one can expect them to be accurate on the whole range of ω. Let us mention that even if the phase is not always very precisely determined, the value of C 3 is obtained with a relatively good accuracy, the curve being rather flat near the minimum (see the first panel of Fig. 3) .
As an illustration, in Fig. 5 , we show the mode Φ 3 as a function of r, for ω = 0.86. This mode is the first that is 
FIG. 4:
The first panel shows the minimum value C3, as a function of ω, for the three different resolutions. For the same configurations, the second panel shows the phase δ3 for which the minimum is attained.
matched to an oscillatory solution. The different panels show the field in different regions: i) near the origin in the first panel, ii) in transition region where the oscillations begin to dominate in the second panel and iii) the region close to the matching radius R max in the third panel. In this latter case, the circle denotes the value of R max . For r > R max there is no numerical solution so we plot the analytical formula (17) instead. The numerical solution and its analytical continuation are indistinguishable by eye.
Some global quantities are shown in the various panels of Fig. 6 . The first panel shows the total mass of the system. Given the behavior of the masses shown in the first panel of Fig. 2 , we define the mass as the mean of the value given for A and B, that is (r A + r B ) /4. A maximum mass of M max = 0.60535 is attained for ω min = 0.8608. This is consistent with the values given in [10, 11] where the authors found ω min = 0.864 and M max = 0.607. The presence of this maximum is important because oscillatons with ω < ω min are unstable. The second panel of Fig. 6 gives the value of Φ 1 at the origin. Finally, in the third panel, we show the transition radius R trans defined at the radius at which the oscillatory tail begins to dominate Φ 3 . More precisely, we define R trans as the first radius for which Φ 3 vanishes. As expected R trans increases with ω. The wiggling of the curve is just an effect of what the phase of the oscillatory tail is when it starts to dominate.
The various modes are shown as a function of the radius in Fig. 7 for the configuration of maximum mass (i.e. for ω = ω min ). The dominating oscillatory term in Φ 3 is clearly visible. The oscillations that can be seen on the metric fields come solely from the coupling with the scalar field. Indeed, remember that no matching with oscillatory tails is used for the metric fields, as explained in Sec. III B. When we tried comparing the values of Φ n with the plots of [9, 11] (for the appropriate ω), we observed several orders of magnitude difference for n > 1 whereas the dominating 
FIG. 6:
The first panel shows the total mass of the system, the second one gives the value of Φ1 at the origin and the third one the transition radius defined as the smallest radius for which Φ3 = 0. All quantities are computed as a function of ω, in the high resolution case.
mode n = 1 is in relatively good agreement. We have currently no explanation for this discrepancy but feel rather confident with our results, given the various tests exhibited in Sec. IV B. As far as the metric fields are concerned, a direct comparison with [9, 11] is not easy because of the use of different systems of coordinates. Nevertheless, we are puzzled by the fact that the metric fields shown in [9, 11] , at least for n > 0, do not seem to be even at the origin, as they should. It might be an effect of the resolution of the plots however. The numerical values of various quantities are given in Table II . 
V. SMALL-AMPLITUDE EXPANSION
A. Review of the formalism Oscillatons in the small amplitude limit can be well described by an asymptotic expansion in terms of a smallamplitude parameter [13] . At leading order, configurations with any frequency can be characterized by the localized solution of a pair of ordinary differential equations. Since we wish to compare the numerical results in Sec. III with those obtained by the small-amplitude expansion we give a short review of the main definitions and results in [13] . As the amplitude of oscillatons decreases, the geometry approaches the Minkowski metric, and the frequency approaches the mass limit from below, which has been set to 1 in our case. At the same time, the size of oscillatons grows without limit, as is also indicated by the asymptotic behavior (16) of the leading mode of the scalar field. This motivates the introduction of the rescaled radial coordinate
The relation between the the small-amplitude parameter ε and the fundamental frequency ω can be chosen as
The field Φ and the metric functions are then expanded in even powers of ε as
where we used tilde notation to distinguish the coefficients of the ε expansion from the Fourier components defined in (9)- (11) . To leading order the field Φ turns out to be proportional to ε 2 . From the assumption that the functions remain bounded as time passes follows that the configuration has to be periodic, and the time dependence of the coefficients can be integrated out. Writing out the first couple of orders,
where
4 , a
4 and b 4 are functions of the radial coordinate ρ. These can be obtained order by order by solving ordinary differential equations arising in the small-amplitude expansion. The leading order configuration is determined by the time-independent Schrödinger-Newton equations
where the functions s and S are defined by
The total mass, M = 2r 0 , of the configuration can be expanded as
where the numerical values of the constants are M 1 = 1.75266 and M 2 = −2.11742. The small-amplitude expansion gives exponentially localized configurations to all orders, and consequently it cannot describe the oscillating tail responsible for the mass loss of oscillatons. Although the small-amplitude expansion is an asymptotic one, it gives a useful representation of the core region. The dominant radiating mode (17) in Φ 3 can be calculated to leading order by the extension of the Fourier mode equations into the complex r plane, and employing Borel summation in a region around the resulting pole [13] , giving
where Q is the distance of the pole from the real axis of the solution of the Schrödinger-Newton equations, and k is a constant. Numerically Q = 3.97736, k = 0.301 and
B. Comparison with the numerical solution of the Fourier mode equation
In Fig. 8 we again plot the highest resolution tail amplitude data of Φ 3 from Fig. 4 , this time as a function of the small-amplitude parameter ε = √ 1 − ω 2 . The theoretical curve from (39) goes well below the data points. The following empirical formula
gives an excellent fit to the C 3 data points, moreover, for small ε it approaches the theoretical result (39). A natural interpretation of this result is that the number Q in the exponent of (38), describing the distance of the pole from the real axis, has a polynomial ε dependence, and the constant k also changes for large ε.
The ratio of the numerically and theoretically obtained tail amplitudes is plotted in Fig. 9 . The numerical value is several hundred times bigger for large ε but the ratio decreases exponentially when ε gets smaller. Even for the smallest ε where the tail could be calculated, with amplitude of about 10 −12 , the difference is about twentyfold. Although because of numerical errors we cannot calculate the tail for smaller ε, it appears convincing that the two method would converge for even smaller amplitudes. It can be seen in Fig. 9 that the fit of the exponential curve 
to the ratio of the numerical and analytical result gives a very good approximation for 0.3 < ε < 0.6, but is clearly not appropriate for smaller ε values, since in the ε → 0 limit it does not approach the value 1.
The reason for the large difference between the theoretical and numerical tail amplitudes can be better understood by inspecting how precisely the core region is described by the small-amplitude expansion when ε goes above 0.34. To do this, we compare the Fourier components of Φ at the origin. From (31) 
In Fig. 10 we plot the relative difference of the numerical and the analytical results for Φ 1c . Here we can include numerical values even for ε < 0.34, since the core region can be reliably calculated by numerically solving the Fourier mode equations even if the tail amplitude in Φ 3 goes below the numerical noise. We can see that the first two terms given by the small-amplitude expansion (42) give excellent approximation to the central amplitude for low and moderate ε values. For the largest ε the difference between the numerical and theoretical values grows to about 20 percent. At ε = 0.34 it decreases to about 2 percent. The error of the ε expansion for ε > 0.34 is considerably larger for the next Fourier component Φ 3 , which component also gives the dominant contribution to the oscillating tail responsible for the energy loss. Using (31) the smallamplitude expansion gives the central value
In Fig. 11 the relative difference of the numerical value of Φ 3c with respect to that given by (43) the largest parameter value, at ε = 0.5578, the numerically calculated Φ 3c is about five times the one given by the small-amplitude expansion. For ε = 0.34 the numerical value is still about 50% bigger. Since the result (38) is based on the assumption that the core is described by the small-amplitude expansion, this big difference in the central value of Φ 3 makes the large error in the tail amplitude for ε > 0.34 comprehensible.
In Fig. 12 we plot the total mass of the oscillaton as a function of the ε parameter. The first two terms in the small-amplitude expansion, given by (37), give a reasonable approximation, but the position and the value of the maximum is not extremely precise. This not so surprising because the maximum is reached for ε ≈ 0.5 which is not particularly small. It is possible to make a very good empirical fit of the form where M 1 and M 2 was kept at the value M 1 = 1.75266 and M 2 = −2.11742 given by the small-amplitude expansion, and the fitted constants are M 3 = −0.24723, M 4 = 1.1749 and M 5 = −4.1308. The numerically obtained value for the place of the maximum is ε max = 0.509, corresponding to the frequency ω min = 0.8608, and the maximal mass is M max = 0.60535. The importance of these considerations lies in the fact that oscillatons with ε > ε max , or equivalently, ω < ω min are unstable. The value given in [10, 11] for ω min is 0.864 and for M max is 0.607. Reintroducing the scalar field mass, m, and expressing it in units currently used in Particle Physics, i.e. in eV/mc 2 , we obtain the maximal oscillaton mass in kg-s:
VI. MASS LOSS RATE
In order to calculate the rate by which the mass M of the oscillaton decreases, we have to calculate the mass-energy carried out by the spherical scalar wave
where λ 3 = √ 9ω 2 − 1. Restoring the 1/ √ 8π factors from (3) into the scalar field, the mass-energy carried by the wave is
Substituting (46), taking the large r limit, and averaging in time
Using the empirical formula (40) for C 3 , for the mass-loss rate we obtain
where ω = √ 1 − ε 2 . Using the version of (48) with ω = 1, and substituting C 3 from (39), we get the leading order small-amplitude result already obtained in [13] ,
Although for small ε the empirical mass-loss rate formula (49) can be approximated by (50), for close to maximal amplitude oscillatons (49) gives significantly higher radiation loss. In order to be able to draw physical conclusions, we have to restore the scalar field mass m into the expressions. This can be done by substituting t → mt, r → mr into the equations (see e.g. [13] ). Then we have to substitute M → mM , so the right hand sides of (37) and (44) will get a 1/m factor. The m factors drop out from (48), (49) and (50), so they remain valid for any scalar field mass m. The physical frequency of the oscillaton will beω = mω = m √ 1 − ε 2 . Taking (49) at ε max = 0.509 corresponding to the maximal mass M max = 0.60535 and dividing by M max we get the relative mass loss rate for the heaviest stable oscillaton:
where m is the scalar field mass in Planck units. This is about 14000 times larger than the theoretical estimation −4.3 × 10 −17 in [13] obtained from the leading order small-amplitude behavior. The large difference arises because the small-amplitude analysis underestimates the amplitude of the radiating tail by about a factor of 100 for ε as large as ε max = 0.509.
It is natural to start with a maximal mass configuration with M = M max , and ask for the time period until the mass decreases to a certain part of its original value. Since the elapsed time t is inversely proportional to the scalar field mass m, in table III we list the product tm. We give the elapsed time calculated first by using the small- The time necessary for an initially maximal mass oscillaton to lose the given part of its mass. The value of tm is given in Planck units, and also when the time is measured in years and the scalar mass in eV /c 2 units. The values calculated by the small-amplitude expansion method and by the numerical solution of the Fourier mode equations are also given.
amplitude expansion results and then by the more precise Fourier mode decomposition method. In the first case we calculate dM dt from (50), and approximate the ε dependence of the mass by (37). In order to obtain the more precise result we calculate the mass-loss rate from the empirical formula (49), and approximate the mass function by (44). Unfortunately, a sign mistake was made in [13] when substituting the numerical value of M (2) during the calculation of the numbers in Table VII and VIII, which resulted in smaller radiation rate for large amplitude oscillatons than the correct rate. This is also the reason why we also present the numbers obtained by the ε expansion here.
Next we address the question that how much of its mass an initially maximal mass oscillaton loses during a time period corresponding to the age of the universe, which we take to be 1.37 · 10 10 years. In Table IV we list the resulting oscillaton masses in units of solar masses (M ⊙ ) as a function of the scalar field mass in eV /c 2 units.
VII. CONCLUSIONS
We have presented a rather detailed numerical study of the structure of spherically symmetric, time periodic oscillaton solutions of the Einstein-Klein-Gordon equations. We solved the equations by using a two-dimensional spectral method for both the radial coordinate and time. The use of spectral methods enabled us to obtain very precise solutions at a moderate computational cost.
For the first time we have succeeded in computing the amplitude of the standing wave tail of the time periodic oscillatons. The amplitude of those tails has been found to be very small indeed as compared to the central amplitude of an oscillaton. This implies that truly localized, time-periodic, asymptotically flat oscillatons do not exist, rather oscillatons of finite mass created by physical processes continuously lose some of their mass due to scalar radiation. It should be noted, however, that since the radiation rate of oscillatons decreases sufficiently rapidly as their total mass decreases, oscillatons cannot radiate away their mass in a finite time. Mass M of an initially maximal mass oscillaton after a period corresponding to the age of the universe for various scalar field masses. The decrease in ε from εmax, and the relative mass change (Mmax − M )/Mmax is also given. At the small-amplitude expansion εmax = 0.525 is used, while the mode decomposition value is εmax = 0.509.
Using the precise numerical results we have derived a semi-empirical mass loss formula of "physical" oscillatons of finite mass. The results show that the previous computations of the mass loss rates in the small amplitude limit underestimated the true rate by several orders of magnitude for larger amplitude oscillatons. Nevertheless the qualitative picture of an oscillon as a lump losing its mass extremely slowly prevails making these objects of physical interest, such as dark matter candidates. The agreement with analytical results obtained in the limit of small amplitudes is very satisfactory as far as the structure of the core is concerned. Concerning the amplitude of the oscillatory tail it is more difficult to do a precise comparison. Indeed, the tail is very small and can be accurately extracted from the numerical simulations only when the amplitude of the oscillatons is not small, so in the region where the analytical approximation is expected to fail. The numerical and analytical results are coherent with each other.
We have also computed the value of the maximal mass which an oscillaton may have, together with the corresponding value of frequency.
